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Abstract 

■ We study a time-dependent scattering theory for Schrodinger operators on a manifold 

with asymptotically polynomially growing ends. We use the Mourre theory to show the 
Q I spectral properties of self-adjoint second-order elliptic operators. We prove the existence 

Q ' and the asymptotic completeness of wave operators using the smooth perturbation theory 

of Kato. We also consider a two-space scattering with a simple reference system. 

p^' 1 Introduction 
< 

We study a class of self-adjoint second-order elliptic operators, which includes Laplacians with 
long-range potentials on non-compact manifolds which are asymptotically polynomially growing 
at infinity. We prove Mourre estimate and apply the Mourre theory to these operators. Then we 
show that there are no accumulation points of embedded eigenvalues except for the zero energy. 
We obtain resolvent estimates which imply the absence of singular spectrum. We also show the 
>- ■ Kato-smoothness for three types of operators. We construct a time-dependent scattering theory 
for two operators in our class. If the perturbation is "short-range", it admits a factorization 
into a product of Kato-smooth operators. By virtue of the smooth perturbation theory of 
^ ' Kato, we learn the existence and the asymptotic completeness of wave operators. Lastly, we 
C^l consider a two-space scattering with a simple reference system. We follow the settings by Ito 
and Nakamura. 

We now describe our model. Let M be an n- dimensional smooth non-compact manifold 
such that M = Mc U Moo, where Mc is pre-compact and Moo is the non-compact end as 
^ , follows: We assume that Moo has the form M+ x where is a n — 1-dimensional compact 
^ \ manifold, and M+ = (0, oo) is the real half line. Let w be a positive C°° density u on M such 
that on Moo, 

U! = dr ■ fi 

where r is a coordinate in M_|_ and /i is a smooth positive density on A^. We set Ti = L'^{M,u}) 
be our function space. We set our "free operator" a self-adjoint second-order elliptic operator 
Lq which has the form: 

LQ = Dl + k{r)P on(l,oo)xiV. 
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Here Dr = i~^dr, P is a positive self-adjoint second-order elliptic operator acting on L^{N,fi), 
and /c is a positive smooth function of r such that the derivatives of k satisfy the following 
estimates for some Cq, C > 0, 

cor^^k < -k' < Cr^^k, (1) 
\k"\ < Cr-'^k. 

For example k{r) = r~", with a > satisfies the above conditions. 

We assume that L is a second-order elliptic operator on M, essentially self-adjoint on 
C^{M), such that 

L = Lo + E, 

with E having the following properties: There are finitely many coordinate charts 
(r, 6*1, ■ ■ • , 9n-i) on Moo such that in each chart E has the form 

fV h h 

E = (1, Dr, VkDe) [bi a, a2 | | Dr | (2) 

\% *a2 03 

where n{6) is defined by /i = ^{9)de-^ ■ ■ ■ dQ^_^ and Dq = n(9)~'^ Dgfj,{9)^ is self-adjoint on 
L'^{N,fi). The coefficients 01,02,61,62, and V have support in M^o and are smooth real-valued 
functions of (r, 6*1, ■■ ■ , ^n-i) such that 

\dld^a,{r,9)\<Ci,^r-'^^-\ 

\dld^bj{r,9)\<Ci,^r-'''^-\ (3) 
\dld^Vir,9)\<Ci,^r-'^-K 

Let ^ C°°(M) be a ]R+-valued function such that x(r) = 1 if r > 1 and = if r < |, 
and set Xi?(r) = xiji) with R > 0. We set our dilation generator by: 

A = ^{xlrDr + Drrxl). (4) 

Now we state the main results. 

Theorem 1. Suppose L = Lq+E, where k satisfies ([T]) and the coefficients in E obey the bounds 
([3]) with u = min{z/a-, Ub^, uy} > 0. Then aess{L) = U {0} and L satisfies a Mourre estimate 
at each point in IR+ with conjugate operator A in the sense of Definition [3 In particular, 
eigenvalues of L do not accumulate in ]R_|_, and (Jsc{L) = 0- M^e also obtain the resolvent 
estimates: 

sup \\{\A\ + - zYWA\ + < 00 

2eA±=A±jM+ 

z/ A d R \ app{L) and s > \. 

We prove Theorem [T] in Section [2J 
Theorem 2. Under the hypotheses of TheoremUl the operators 

Go = (r)-^ 
Gi = XR{r)''Dr, 

G2 = XRiryHkP)-' 
are L-smooth on A A d M \ cfpp^L) and s > \. 



We prove Theorem [2] in Section [3] and Section |H 

Theorem 3. Suppose the short-range condition for E, that is, z/^^ = = Vbi = '^bi = > 
and = 1. Then the wave operators 

W^iL,Lo) := s- hm e''"^ e^'"'^'' Pac{Lo) 

t—^±oo 

and W'^{Lo,L) exist and are adjoint each other. They are complete and give the unitarily 
equivalence between L^q^^ and L^"-'^^ . 

We prove Theorem [3] in Section [51 We note that the wave operators W^{L2, Li) exist and are 
asymptotically complete if both of Li and L2 satisfy the hypotheses of Theorem [T] (long-range 
) but the difference L2 — Li is short-range in the sense of Theorem El 

Next we consider a two-space scattering. We prepare a reference system as follows: 

Mf = RxN, Hf = L\Mf, H{e)drde), 
Ho = Dl on M/, 
Hk = Dl + k{r)P on Mf. 

Note that Hq and Hk are essentially self-adjoint on C^(Mj), and we denote the unique self- 
adjoint extensions by the same symbols. We define the identification operator J : T-Lf ^ T-L 

by 

{Ju){r,e) = x{rHr,e) if (r, ^) G 

and Ju{x) = if x ^ M^, where u & Tif. We denote the Fourier transform with respect to r 
variable by J-": 

{J^u){p,9) = ^= [ e''Pu{r,e)dr. 
v27r J 

We set 

:= ^-1[V(p)L2(M xN:dp- /i)]. 

Then Hf = n+®nj. 

In the two-space scattering, we need additional conditions on k: 

Definition 4. Suppose that k is a positive smooth function of r satisfying k is said to be 
short-range if 

|A;(r)| < C(r)-^^ (5) 
with z/fc > 1. k is said to be smooth long-range if 

\dlk{r)\<C{r)-'''~' (6) 

with I G N, and Uk > 0. 

For short-range k, we have the following. 

Theorem 5. Suppose the hypotheses of Theorem\^ and that k is short-range. Then the wave 
operators W^{L,Hq;J) and W^{Ho, L; J*) exist and are adjoint each other. The asymptotic 
completeness 

W^{L,Ho;J)nf = Pac{L)n 

holds. 
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For long-range k, we need to modify the identifier. 

Theorem 6. Suppose k is smooth long-range in the sense of Definition^ Fix A d M. Then 
there exists suitable operators G B{'Hf) such that the wave operators ^^{L^Hq; JJ^) and 
W^{Hq,L]{JJ^)*) exist and are isometric on E/^{Hq)'H^ and Ejy{L)Pac{L)l-L, respectively, 
W^{L, Hq] JJ^)l-iJ = 0, and the asymptotic completeness 

W^{L,Ho; JJ^)E^{Ho)nf = E^{L)P,,{L)U 

holds. 

The construction of modifiers will be given in Section [61 We can also admit ai to have 
a long-range part which depends only on r. For details, see Section [61 

There is a long history on spectral and scattering theory for Schrodinger operators (see, 
for example, [T3], [12] and references therein). Much of works are connected to differential 
operators on a Euclidean space. The spectral properties of Laplace operators on a class of non- 
compact manifolds were studied by Froese, Hislop and Perry [H [5], and Donnelly [3] using the 
Mourre theory (see, the original paper Mourre [12], and Perry, Sigal, and Simon[T3]). We follow 
the settings in Froese and Hislop [1], and Theorem [H may be seen as a direct generalization of 
[1]. We note that only the case with z/ = 1 is treated in [1]. 

In early 1990s, Melrose introduced a new framework of scattering theory on a class of 
Riemannian manifolds with metrics called scattering metrics (see [TT] and references therein). 
He and the other authors have studied Laplace operators on such manifolds. They also studied 
the absolute scattering matrix, which is defined through the asymptotic expansion of generalized 
eigenfunctions. 

Debievre, Hislop, and Sigal [2] studied a time-dependent scattering theory and proved its 
asymptotic completeness for some classes of manifolds, including manifolds with asymptotically 
growing ends with u > 1. 

Ito and Nakamura [7] studied a time-dependent scattering theory for Schrodinger operators 
on scattering manifolds. They used the two-space scattering framework of Kato [2] with a 
simple reference operator D"^ on a space of the form M. x N, where is the boundary of the 
scattering manifold M. 

The case where M = Mc U Moo is a Riemannian manifold, the metric on M^o is " close" to 
a warped product of M+ and a compact manifold A^, and L is the Laplace operator, fits into 
our framework. The function ^^/^(r), varies inversely with the size of M^o = K+ x A^. A typical 
exapmle of k which satisfies ([T]) is given by k{r) = r""", a > 0. The case a = 2 corresponds 
to scattering manifolds including asymptotically Euclidean spaces. By using results of Ito 
and Nakamura [7] twice, and by applying the chain rule for wave operators, we can show the 
existence and the asymptotic completeness of wave operators on scattering manifolds in the 
one-space scattering framework. Therefore our results can be considered as a generalization of 
[7] for all a > 0. In [7], assumptions on 02 and 03 are weakend to long-range perturbations. 

Our proof of the existence and the asymptotic completeness of wave operators depends on 
the smooth perturbation theory of Kato [8] (see also Yafaev and [E]). The Kato smoothness 
of Go = (^)^) s > I in Theorem [21 is closely related to the limiting absorption principle. The 
resolvent estimates in the Mourre theory (Theorem [T]) imply the limiting absorption principle 
via a technique in Section 8 of [12]. The Kato smoothness of Gi = X-R(^)~*-Dr will be obtained 
in a similar way, but we have to extend the technique in [13] from a = 1 to a = 2 (Lemma [211 
(i)). The Kato-smoothness of G2 = (^-P)^ is called the radiation estimates. Our proof 

is quite similar to the one [TS], which relies on the commutator method (see Putnam [13] and 
Kato [lO]). 

The limiting absorption principle suffices to show the asymptotic completeness in the case 
of two-particle Hamiltonians with short-range scalar potentials. However, radiation estimates 
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are crucial in scattering for long-range potentials on a Euclidean space (see Yafaev [I9]). In 
this paper, we found that radiation estimates are also useful for handling short-range metric 
perturbations and magnetic potentials. We hope that we can also construct appropriate mod- 
ifiers so that the technique of Yafaev can be applied to show the existence and the asymptotic 
completeness of modified wave operators with long range perturbations in our settings. 

In the two-space scattering, essentially we only need to examine wave operators for the pair 
{Hk, Hq). However, since P commutes with both of and Hq, it reduces to the 1-dimensional 
scattering. When k is short-range, we only need a narutal identifier. When k is long-range, 
we will construct a 1-dimensional modifiers for the corresponding 1-dimensional long-range 
scattering. 
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2 Application of Mourre Theory 

In this section, we prove Theorem [T] For the sake of completeness, we give a detailed proof. 
But methods and proofs used here are almost the same as those in [1] and [2], where u = 2 
and 1^ = 1, respectively, are assumed. We will prove the Mourre estimate under the condition 
u > 0. The index u will explicitly appear, for example, in Lemma ITS] and Lemma [T3l 

We first quote the Mourre theory. We define a scale of spaces associated to a self-adjoint 
operator L. 

Definition 7 (Scale of spaces). Let L be a self-adjoint operator on a Hilbert space H. For 
s > define = -D((l -|- |L|)2)) with the graph norm 

\ms:= ||(l + |L|)f)^||. 

Define Ti-s to be the dual spaces of Hs thought of as the closure of "H in the norm 

m-s := ||(1 + |^|)"^)^||. 

Definition 8 (Conjugate Operators). Let L be a self-adjoint operator on a Hilbert space 
and l-Ls be the scale of spaces associated to L. A self adjoint operator A is called a conjugate 
operator of L if 

(i). D{A) n i'S dense in 7^2? 

(a), the form [L, iA\ defined on D{A) n'H2 is bounded below and extends to a bounded operator 
from I-L2 to T-L-i, 

(Hi), there is a self-adjoint operator Lq with D{Lq) = D{L) such that [Lo,iA] extends to a 
bounded map from 7/2 to Ti, and D{A) fl D{LoA) is a core for Lq, 

(iv). the form [[L, iA], iA] extends from ^2 H D{LA) to a bounded operator from ^2 to 'H-2- 

(v). e**"^ leaves l-i-i invariant and for each ip G 7^2, sup|j|<]^ ||e**'^^/'||2 < 00. 

Definition 9 (Mourre Estimate). A self-adjoint operator L satisfies a Mourre estimate on an 
interval A C M with conjugate operator A if A is a conjugate operator of L such that there exist 
a positive constant a and a compact operator K such that 

Here E\ = E/^^L) is the spectral projection for L. We say that L satisfies a Mourre estimate at 
a point A G M z/ there exists an interval A containing A such that L satisfies a Mourre estimate 
on A. 
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Now we state the Mourre theory. 

Theorem 10 (Mourre). Suppose that a self-adjoint operator L satisfies a Mourre estimate 
at X ^ M. with a conjugate operator A. Then there exists an open interval A containing A 
such that L has finitely many eigenvalues in A and each eigenvalue has finite multiplicity. If 
A ^ app{L), then there exists an open interval A containing A such that L has no singular 
continuous spectrum in A and for s > |, 

sup \\{\A\ + - z)-\\A\ + 1)^^11 < oo. 

2gA±=A±iR+ 

We refer to [12] and [13] for the proof of this theorem. 

In the following of this section we will show that the hypotheses of the Theorem [10] will be 
satisfied for the case stated in section [H 

Lemma 11. Suppose f G C^(M), D is a differential operator with smooth coefficients, and x 
is a smooth cut-off function with compact support. Then xDf{L) and xDf{Lo) are compact 
operators from L'^{M) to LF'^M). 

Proof. Let be a bounded domain with smooth boundary which contains supp x- Then 
xDf{Lo) and xDf{L) map L'^{M) to a Sobolev space H^iVL) for any s > 0. But W M- 
L^(f2) ^ L'^{M), and the first embedding is compact by Rellich's theorem. □ 

Lemma 12. Let Hs be the scale of spaces associated with Lq. Then 

(i). XrDt '■ 'Hs — )• "Hs-i is bounded for s G [—1, 2], 

(ii)- XrDI ■ Hs — is bounded for s G [0, 2], 
(Hi). xnikP + 1)^ : Hs "Hs-i is bounded for s G [—1, 2], 

(iv). XnikP + 1) : "Hs — 7- 7/5-2 is bounded for s G [0, 2]. 
Proof of Lemma [TH We begin by proving that 

\\XRDr{Lo + C)-"^\\ < 1 (7) 

for some constant C. Choose a positive constant Ci so that Lq + Ci is a positive operator. Let 
Xr = {1 — Xr)~^ ■ The IMS localozation formula gives 



This implies 



Lo + Ci= xr{Lo + Ci)xR + XRiLo + Ci)xr - (XrY - {XrY- 



L, + C,> XrDIxr - {Xr? - {Xr? 

> DrxlDr - x'kXR - ix'n? - (x'r? 



as form inequalities on C^. Since 

XrXr-{x'r)'-{x'r)'\<§^, 



this implies 

DrXlDr <Lo + C. 
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This shows for G C^, 



WxrDM < ||(Lo + C)^0||. (8) 



oo 




Since is a core for (Lq + C) 2 , we can find for every G D{{Lq + C) 2 ), a sequence 0„ G C, 
such that 0„ — !■ and (Lq + C)2 0„ — (Lq + C)2 0. Then 

|(D,XiiV^,0)|= hm \{DrXRi^,4>)\ 

= lim \{ilJ,XRDr<P)\ 

n— >-oo 

= hmsup||V^||||(Lo + C)50„|| 

n— >oo 

<i|^||||(Lo + C)^|| 

which shows that G D^xrD,) and that ([8]) holds for any G /^((Lq + C)^). Writing 
= (Lo + C)~2'0 for -0 G L^, we see that this imphes ([7]). 
Next we will prove that 

\\XrDI{L, + C)-^\\<C. (9) 

With Ci as above, 

{Lo + C,f>{L,-^C,)xl{L, + C,) 

= DlxlDl + Z^.^x^il^i' + Ci) + (fcP + C,)xlDl + (A;P + C^^Xs 
= DlxlDl + 2D,x?i(A;P + C,)Dr - {xUkP + C,))" + {kP + Cfxl 

Using the fact that \k'\ and \k"\ are bounded by a constant times k, we see that 

ixlikP + or < CxikP + Ox 

for some cut-off function x- Using the IMS formula again, this implies 

ixUkP + C,))" <C{Lo + C) 

for some C. Since 2Drx\,{kP + Ci)Dr + {kP + C^^xl > 0, we obtain 

(^0 + C,f > DlxlDl - CiLo + C), 

which implies for some C, 

DlxlDl < C{Lo + C)^ 

which leads to (jH]) as in the proof of ([7]). 
A similar argument shows that 

\\DlxRiLo + C)-'\\<C. (10) 
Now by complex interpolation, Q and ffTOj) implies 

||(Lo + c)-i+^D,2xii(^o + < a 



for Re^; in [0, 1], which implies (ii) of Lemma. 

To prove (i) using complex interpolation, one need to prove 

\\{Lo + Cr'xnDriLo + C)-^\\<C, (11) 
\\iLo + C)hRDriLo + C)-'\\<C. (12) 
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Examining (|TT|) . we see that 

\\{L,^-Cr\RDr{L^ + C)-^\\ 
< \\xRDr{Lo + C)H + II (Lo + C)-i[Lo,Xi?A.](i^o + C^)"^||. 

The first term on the right hand side is bounded by dTj). The second term can be decomposed 
into two terms according to the following equation: 



The first one is bounded using (ii) of Lemma; the second is bounded by 

[XR. iXRDr] = XRkP < CxRkP < C{Lo + C) 
and an argument similar to the one above. This gives fITT]) . f lT2|) follows similarly. 



^iii) and (iv) follow in a similar way. □ 



Lemma 13. Let L,Lq and E he as in TheoremUl and let Tis be the scale of spaces associated 
with Lq. Then 

(i). {rYE : Hs Hs^2 is bounded for s G [0, 2], 

(ii). by taking R large enough in the definition of E, we may assume that the relative L^-bound 
of E is less than 1, 

(Hi). {Lq — z)~^ — (L — z)~^ is compact for Im{z) ^ 0. 

Proof of Lemm^n^ (i) will follow by complex interpolation if we can show 

||(r)'^E(Lo + z)-i <C, 
\\{Lo + ir'{rYE\\<C. 

As a typical exapmle, we choose \/kDQa2Dr. Then 



(r 



YXRVkDea2DrXR{LQ 



-0 + ^1 



< \\{rYVka2beXRDr{LQ + i)-^\\ + \\{rYVk{bea2)xRPr{L 

< sup{(r)'^|a2|} ■ \\Vkbe{kP + 1Y^\\ ■ \\xR{kP + 1)^ Dr{L 

r 

+ sup{(r)''|£)0a2|} ■ \\\/kxRDr{L 

r 

<c, 

by assumptions on 02 and Lemma fT2l 

To prove (iii), we use the resolvent formula 



o + ^y'\\ 



(Lo - zY' - (L - zY' 
= {L-zY'EiLo-zY' 
= {L-zY'{rY''XR{rYEiLo-zY'. 

The operator {L — z)~^{r)~'^XR can be approximated in norm by operators f{L)x considerd in 
Lemma [TT| and thus is compact while {r)'^E{Lo — z)~^ is bounded by (i). This proves (iii). □ 

Lemma 14. D{L) = D{Lq) and the scale of spaces associated to L and Lq are the same. If 
f G , then f{L) — /(Lq) is compact. 
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Proof of Lemma [T^} The first statement is obtained by the relative boundedness, and the sec- 
ond follows from (iii) of Lemma [13] and a Stone- Weierstrass argument. □ 

Lemma 15. aess{L) = [0, oo). 

Proof. The Persson's formula (see, for exapmle, pQ) 

inf aess(-^^) = sup inf {(p,L(f)) 

KmM<f><^Cg^iM\K)M\\=^ 

and a Weyl sequene argument give the desired result. □ 
Lemma 16. Let Lq he as in TheoremUl Then for large enough R, 
(i). [Lo, iA\ extends from to a hounded operator 7^+2 
(a). [[Lo, iA\, iA\ extends from to a hounded operator 1-1+2 — ^ 'H_2- 

Proof. To begin, we show that [Dl, iA\ is bounded from ^+2 to %. A brief calculation shows 

[DIM] = 2{xlr)'Dl + ^(xk)'U - \{xlry". 

The coefficients (xlj'^)'? (X/j^^)"; and ixjir)'" are bounded. By taking R large enough, the bound- 
edness of [-D^,Z74] from 7^+2 to T-i follows from that of XrDI and XB.Dr, which is ensured by 
Lemma [121 

Next we consider the term 

[kP, iA] = -x\rk'P. 

By ([1]), |rA;'| < Ck. Using Lemma [T2| it follows that [kP,iA\ is bounded from 'H_|_2 to l-L. This 
completes the proof of (i). 

The boundedness of the double commutator in (ii) is proven using similar arguments. We 
can use Lemma [12] to prove the boundedness of [[D^, iA], -iA] from I-L+2 to 'H-2- Since 

[[kPM]M]=xlr{xlrk')'P, 

we need the estimates ^ on the second derivative of k for r large 

\r'^k"\ < Ck 

to prove the boundedness of [[/cP, iA], iA]. □ 

Now we prove the Mourre estimate for unperturbated system Lq. 

Lemma 17. Let Lq he as in TheoremUl and A given hy (jl]). Suppose Aq > 0. Then for every 
e > there exist an interval A ahout Aq and a compact operator K such that for R large, 

Ej,{Lo)[Lo,iA]Ej,{Lo) > min(2,co)(Ao - e)EA{Lo) + K. 

Here E/^{Lq) is the spectral projection for Lq corresponding to A, and Cq is the constant which 
appears in ([T]). 
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Proof. Choosing R large, we have 

[Dl^A] = 2Dr{xlryDr-l{xlrr 

> 2DrXRDr - ^ min{2, cq} 

> '^XrDIxr - I min{2, cq}. 

Also, 

[kP,tA] = -xlrk'P>c^xlkP. 
Combining these two inequalities, we obtain 

[i^o, iA] > Xr{^DI + c^kP)XR - \ min{2, cq} 

> min{2, co}(xiJ^oXiJ - 

We now multiply this estimate on both sides with /{Lq) where / is a smooth compactly sup- 
ported characteristic function of an interval about Aq- This gives 

f{Lo)[Lo,^A]f{Lo) > mm{2,co}{f{Lo)xRLoXRf{Lo) - \f\L,)). 

Now 

/(^o)Xfl^oXR/(^o) 
=/(Lo)Lo(xiJ - l)f{L^) + f{L^){XR - l)LoXRf{Lo) + f{L,)L^f{L,). 

f e implies f{Lo)Lo is bounded. It is not difficult to see that LoXj?/(-^o) is bounded using 
Lemma [T^ Since Xr~^ has compact support, {xr ~ l)/(-^o) is compact by Lemma [TT] Thus, 
if the support of / is within | of Aq, we have 

f{Lo)xRLoXRf{Lo) > (Ao - ^)/'(Lo) + K. 

where is a compact operator. Therefore we have 

f{Lo)[Lo,iA]f{Lo) > min{2,co}(Ao - e)f{Lo) + K. (13) 

Taking / = 1 in a neighbourhood of Aq and multiplying from both sides with E\{Lq), with 
A small enough to ensure -E'a(Lo)/(Lo) = E/<^{Lq), this inequality gives the desired Mourre 
estimate. 

□ 

Lemma 18. Under the hypotheses of TheoremUl 
(i). [E,iA\ : is hounded, 

(ii). f{L)[E,iA]f{L): IS compact for f e , 
(in). [[E,iA],iA] : 7^+2 — ^ 'H-2 is bounded. 
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Proof. It is easy to see that [E, iA] has the following form: 



V bi 

[E,tA] = {l,Dr,VkDe)xR{h ai ~a2 \ Xr \ Dr \ (14) 

*62 *a2 as 




where e = ai, 02, 61, 61 and V satisfy 



<Cr-^ i/>0. (15) 



Here we used the estimates ([3]) on the first derivatives with respect to r of coefficients in E 
and the estimates ([T]) on the ffist derivative of k. By Lemma WI\ (fT^ and fllSp imply is 
bounded from 1-1+2 ~^ "Ho, which is (i). 

The boundedness of the double commutator in (iii) is proven using similar arguments. We 
need the estimates on second derivatives with respect to r of coefficients in E and k. 

To prove (ii), note that xni^^ D^, y/kDQ)f{L) is bounded and xr''"~'^{^^ D^., \/kDg)f{L) is 
compact by Lemma [TTl Hence (HM implies (ii). □ 

Proof of Theorem [II We ffist show that L and A satisfy the conditions in Definition [HI that is, 
A is a conjugate operator of L. Since C D{A) n?^2 is a core for L by hypothesis, condition 
(i) in Definition [S] is satisfied. Condition (ii) follows from (i) of Lemma [TBI and (i) of Lemma [TBI 
The first statement of (iii) follows from Lemma [14] and (i) of Lemma [T6l The second statement 
follows from the inclusion C D{A) fl D{LoA). Condition (iv) follows from (ii) of Lemma 
[T6] and (iii) of Lemma [181 Let X be a vector field on M such that 

d 

X = rxR{r)— onMoo, 

and X = on Mc- Let {exp[tX]|t G M} be the fiow generated by X. The fiow induces a 
one-parameter unitary group defined by 

[/(t)0(x) = $(t,x)0(exp[-tX]x) 

for 6?/, where $(t, x) is a weight function to make the dilation operator U{t) unitary. By 
simple calculation, we find that 

A = ^{xlrDr + Drrxji) 

is the generator of the dilation operator U(t), that is, U{t) = e~**"^. Now it is easy to see e~**"^ 
leaves D{L) = 7^2 invariant and to show (v) as in the Euclidean case. 

Now we show the Mourre estimate. We replce Lq with L in f[T5]) . By Lemma [HJ f'^{L) — 
f'^i^Lo) and f{L) — f^Lo) are compact. By Lemma [TBI we can see that [Lo,^v4]/(L) and 
/(Lo)[Lo, "^^1 are bounded. f{L)[E,iA\f{L) is compact by (ii) of Lemma [TBI Using these 
facts, it is easily seen that replacing Lq with L in ( irsj) introduces a compact error, which can 
be handled in K. Making this replacement and multiplying the resulting equation from both 
sides with E\{Lq), with A small enough to ensure i?A(-^^o)/(-^o) = E\{Lq), give the Mourre 
estimate 

EA{L)[L,tA]EA{L) > min(2,co)(Ao - e)E^{L) + K. 

We have showed that L satisfies a Mourre estimate at any point Aq > with conjugate operator 
A, which completes the proof of Theorem [1] □ 
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3 Limiting Absorption Principle 

In this section we show the hmiting absorption principle, which leads to the Kato-smoothness 
of Go and Gi in Theorem [2l We extend the discussion in [13] . 
We will prove 

Theorem 19. Let L be as in TheoremUl s > |, and A d R+ \ app{L). Then 

sup ||(|r| + 1)-'{L - z)~Wr\ + 1)-^ < oo 

2eA±=A±iR+ 

sup ||(|r| + IY^~'A{L - zY^A{\r\ + 1)-^~'|| < oo. 

2eA±=A±i]R+ 

The first estimate is called the limiting absorption principle. 
As a preliminary we prove 

Lemma 20. Let L he as in TheoremUl Then 

(i). [E,irxR\{L + i)~^ is hounded, 

(a). \\E,irxR\,irxB\{L + is hounded, 
(Hi). XR^rrxniL + i)~^{r)^^ is hounded, 

(iv). XRD^r'^XRi.L + i)'^ {r)'"^ is hounded. 

Proof. By ([1]), ([3]) and Lemma [T2| we can show (i) and (ii). 
Now we compute (iii). 

XRDr.rxR{L + i)-^r)-^ 
=XRDr{L + ^r'rxR{rr' + XRDr{L + ^-^[L, rxR]{L + ^-^(r)-^ 

The first term in the right hand side is bounded by (i) of Lemma [121 We have 

[L^txr] = [D'^,,rxR] + [E,rxR] 

= 2^\rxR)'Dr - {txr)" + [E.txr]. 

Using (i) of Lemma fT2] and (i) of Lemma [20| we obtain the boundedness of [L,rx/;](L + i)~^, 
which implies the boundedness of the second term. 
Next we will show (iv). we begin with the equality 

XRDyxRiL + ^)-^(r)-2 = xrDI{L + ^)-'r\R{r)-' + XrD'AL + z)-'[L, r\R]{L + i)-'{r)-'. 

The first term in the right hand side is bounded by (ii) of Lemma [T21 The second term can be 
decomposed into two terms according to the following: 

[L,r\R] = [Dlr\R] + [E,r\R]. 

It is easy to see that the first one is bounded using (iii). Replacing xr by Xhj the second can 
be decomposed in the following way: 

[Eyxl]{L+^r'{rr' 

=2[E, rxR]rxR{L + z)~'(r)-^ + [txr, [E, rxR]]{L + iy\r)-^ 

=2[E, rxR]iL + t)-'rxR{r)-' + 2[^, rXij](L + ^)-'[L, rxR^L + t)-'{rr' 

+ [rxR, [E,rxR]]{L + ty^{ry\ 

which is bounded using (i), (ii) and the boundedness of [D^,rxR]{L + i)^^(r)^^, which can be 
shown by the argument in (iii). This proves (iv). □ 
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Lemma 21. Let L be as in TheoremUi Then 
(i). (|A|)°(L + z)~^(r)~" IS hounded for ^ <a<2 
(ii). {\A\Y[A,{L + i)-'^]{r)~^-' IS hounded for < s < 1. 

Proof of LemmalMl By interpolation, it is enough to prove for a = 0,2 and s = 0, 1. The case 
a = is obvious. The case a = 2 and s = 1 follows from (iii) and (iv) of Lemma [201 

The case s = follows from Lemma [16] and Lemma [181 CH 

Proof of Theorem [73 Writing 

(r)-^(L + t)-\L - zY\L + z)-^(r)-^ 

= (r)"^(L + ir\\A\r^ ■ mnL - zr\\A\Y ■ mr^ii + i)-\rr^ 

and using Theorem [H and Lemma [2T1 we see that 

(r)-^(L + tY\L - zY\L + tY\r)-' 

is bounded. 
Also, writing 



-l-s 



(r)-^-M(L + i)-\L - z)-\L + t)-^A{ry 
= {rr'~'A{L + ^r'{\A\r^ ■ {\A\nL - zr'{\A\r ■ {\A\r%L + zy^Airy 

and using Theorem [H and Lemma [HI we see that 

(r)-i^M(L + - z)'\L + z)"M(r)"i"" 

is bounded. 
Since 

(L - 2)-^ = {L + + (z + t)iL + t)-^ + iz + if{L + i)-\L - zY\L + 
we obtain the desired result. □ 

4 Radiation Estimates 

In this section, we prove the radiation estimates. We want first to recall general definitions 
of Kato-smoothness and the commutator method which allow us to find new Kato-smooth 
operators K given Kato-smooth operators G. For details, we refer the textbooks Yafaev [T7] 
and Uni. 



Definition 22. An H-hounded operator G is called H -smooth in the sense of Kato if 

/oo 
\\Ge-'^'ffdt 
, - , „ -oo 

= sup \\G{{H - z)-^ - {H - zy^)G*\\ 

zGM+iR 

<oo. 

An operator G is called H -smooth on a Borel set A if GE{A) is H -smooth, which is equivalent 
to the condition 

sup \\G{{H - zy^ - {H - zy^)G*\\ < oo, 

zGA+iK 

where E{A) is the spectral projection of H on A. 
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Proposition 23. Suppose that 

G*G < i[H, M]+K*K, 

where M is a H -bounded operator and K is H -smooth on a Borel set A. Then G is also 
H -smooth on A. 

For the proof of Proposition [231 see Proposition 1.19 in |19j . 
Now we return to our problem. 

Theorem 24. Let L he as in TheoremUi Then for large enough R, 

is L-smooth on A A <s M \ app{L). 

We prepare the following lemma. 
Lemma 25. For every e > 0, there exist a constant G > such that 

(co - e)G;G2 < m tM] +G J2 ^j^i (16) 

j,k=0,l 

where 

M = ^{XRDr + DrXR) 

Go = (r)"^ 
Gi = XRirr'Dr, 

G2 = XR{r)-'HkP)i 
and Co is the constant which appears in ([1]). 

Proof of Lemma 12R To calculate the commutator [L,iM], we first remark that 

[DlzM]=2Drx'RDr (17) 
[k{r)P, iM] = -XRk'P > CoXRT-^kP. (18) 

Here we used the inequality ([1]). 

For the perturbation term \E,iM]. we can prove 

\{\E,iM]u,u)\ < G\\Gouf + \\Giu\\ + G\\xRr'''\\\\G2u\\\ (19) 

It suffices to prove this estimate for each term of E in the sum ([2]). First we consider the terms 
involving V. 

[V,zM] = -xrV', 
\{[V,tM]u,u)\ < GWxRT-'^uf < G\\Gouf. 

For the Oi part, we have that 

[Dra^Dr,iM] = -DrixRaiYDr, 
\{[DraiDr,iM]u,u)\ < G\\Giuf. 
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For the 03 part, we have that 

[DekasDe, iM] = -DeXnikasYDe 
\{[DekasDe,tM]u,u)\ < CWxrv'^I " \\XRr~HkP)-'uf = C\\xRr^n\\\G2uf. 

Other terms can be handled in a similar way. 

Combinig the inequalities (fT7|) . ( 1T8|) and ( 1T9|) . we arrive at the estimate 

{[L,iM]u,u) > co\\G2uf - C\\Gouf - C\\Giuf - \\xRr"'\\\\G2uf 
> (co - 6)11^2^112 - C\\Gouf - CIIGiuf 

for an arbitrary e > by taking R> large enough. This gives the desired estimate f|T6|l . □ 

Proof of Theorem^2^ Fix A d R \ a"pp(L) and consider fll6l) . The operators Gq and Gi are 
L-smooth on A by Theorem ^\ and G2 is L-bounded. The commutator method Proposition [251 
implies that the operator G2 is also L-smooth on A. □ 

Theorem [19] and Theorem [24] directly mean Theorerr(2] 



5 One-space scattering 

We recall the smooth method of Kato which assures the existence of wave operators for per- 
turbations that are smooth locally. For more details, see Corollary 4.5.7. in |17] . 

Theorem 26. Suppose that H and Hq are self-adjoint operators on Hilbert spaces "H and 
"Ho respectively, J G B{'Ho,'H) is the identifier, and the pertuahation HJ — JHq admits a 
factorization 

HJ — JHq = G*Gq, 

where Gq is HQ-bounded and G is H -hounded. Suppose {A„} is a set of intervals which exhausts 
the core of the spectra of the operators Hq and H up to a set of Lebesgue measure zero. If on each 
of the intervals A„ the operator Gq is HQ-smooth and G is H -smooth, then the wave operators 
W^{H, Hq; J) and W^{Hq, H; J*) exist. 

Now we apply Theorem [26] to our model. 

Proof of Theoren\^ First we note that any first order differential operator with compactly 
supported smooth coefficient function is Lq- and L— locally smooth. This fact can be easily 
proved as in SectioEO 

The perturbation term E admits a factorization of the following form 

E = ^ G^Bi^rnGm + Eq 
l,m=0,l,2 

where Gi are Lg-smooth on any A d M \ crpp(Lo) and L-smooth on any A d M \ crpp(L) and Ec 
is a second-order differential operator with compactly supported coefficient function. Then the 
smooth perturbation theory of Kato shows the existence of the wave operators W^{L, Lq) and 
W^{Lq, L), which proves the Theorem. □ 
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6 Two-space scattering 

In this section, we consider a two-space scattering. 
First we treat the short-range case. 

Proposition 27. Suppose that k is short-range. Then the wave operators W^^H^, Hq) and 
W^{Hq, Hi;) exist and are adjoint each other. They are asymptotically complete: 

W^{Hk,Ho)nf = Pac{H,)H. 

Proof. Let Ep{A) be the spectral projections of P on A with A d M. We decompose the 
perturbation term with identifier Ep{A) as follows: 

HkEp{A) - Ep{A)Ho = VkPEp{A)Vk. 

The limiting absorption principle implies that y/k is locally Hq- and if^- smooth. PEp(A) is 
bounded. The smooth perturbation theory of Kato implies that the wave operators 
W^{Hk, Ho; Ep{A)) and W^^Hq, Hk, Ep{A)) exist and are adjoint each other. 
Since P commutes with Hq and Hk, 

W^{Hk,Ho;Ep{A)) = W^iH^, Ho)Ep{A), 
W^iHo,H,;EpiA)) = W^iHo, H,)EpiA). 

Hence ^^{Hk, Hq) and W^^Hq, H^) exist and are adoint each other. □ 

Proposition 28. Suppose that k is short-range or long-range. Then the wave operators 
W^{Lq, Hf.; J) and W^lH^, Lq; J*) exist and are adjoint each other. 

Proof. The perturbation LqJ - J{D^ + k{r)P) can be decomposed into a sum of products of 
first-order differential operator with smooth compactly supported coefficients. Hence we can 
apply the smooth method of Kato. □ 

Now we obtain the following: 

Theorem 29. Suppose that k is short-range. Then the wave operators W^{Lo, Hq] J) and 
W^{Hq, Lq] J*) exist and are adjoint each other. W^{Lo, Hq] J)'HJ = 0. ^^{Lq, Hq; J) and 
W^{Hq, Lq] J*) are isometric on V.^ and PqcI-^o)"^; respectively, and the asymptotic complete- 
ness 

W^{LQ,HQ;J)nf = Pac{Lo)n 

holds. 

Proof. It follows from Proposition[27]and Proposition[28]that the wave operators W^{Lq, Hq] J) 
and W^{Hq, Lq] J*) exist and are adjoint each other. 
For u e nf, 

lim II Je"**-^"n|| = ||n||, 

t— >-±oo 

lim llJe-^^-^^wll = 0. 

Hence W^^(Lo, i^o; J)^J = 0, and IV^(Lo, Hq; J) is isometric on nf. 
To show the isometricity of W^{Hq, Lq] J*), it is enough to check that 

lim 11(1 -x)e"^*^"M|| = 

t— )-itoo 

for u G Pac{LQ)'H. This follows from the local Lo-smoothness of 1 — x- D 



16 



Combining Theorem [3] and Theorem [291 we obtain Theorem [5] by virtue of the chain rule 
of wave operators. Conversely, Theorem |29] and Theorem [5] imply Theorem |3l Theorem |5] is 
essentially solved in [7]. Hence Theorem 12] with k{r) = is essentially solved in [7]. Our 
result may be considered as an extention of [7j. 

In the following of this section, we consider smooth long-range k. We also suppose that the 
coefficient ai in E is separated into two parts, long-range 9- independent term and short-range 
term: 

ai = a^{r) + af{r,e) (20) 
\dia^{r)\<Q{ry''^r\u^,>0 (21) 

\dld^aUr,e)\ < Q^^irf-r^u^s > 1. (22) 

Set 

Hl = Dr{l + a^{r))Dr + k{r)P. 

We formulate a long-range scattering theory for the triplet {Hl, Hq; J^) with modified identifiers 
G Bil-Lf^T-if). Since P commutes with Hq and if^, it is natural to choose as 



J± = / J^dEp{\) (23) 

where 

P = I \dEp{X) 



is the spectral decomposition of P, and are bounded operators L^(]R) — >■ L^(]R). Through 
this decomposition, the problem reduces to the long-range scattering for the triplet 
[Hlx, Hqx'i J\) on the real line, where Hi x = Dr{l + af)Dj. + Xk{r) and Hqx = are self- 
adjoint operators on L^(]R). We choose as a pseudo-differential operator with oscillating 
symbols 

= X^(A.)^($^«^) (24) 



1 



(27r)2 

a^{r, p) = 'r](r)tp(p'^)a'^{r, p). (25) 

Here t] G C°°(]R) such that rj(r) = near r = and ri(r) = 1 for large \r\, ip G C^(]R-|_), Xa ^ 
Co°°(M) and = 1 if ±rp > and cr^ = if ±rp < 0. We seach for a PDO such that the 
perturbation 

Tx = Hl,\Jx — JxHq^x 

admits a factorization into a product of H^ x- and Hq x- smooth operators. 
Roughly speaking, up to compact terms, is also a PDO with symbol 

t^(r,p) = ((1 + af (r))(A. + pf - / + AMr))e^*^('^'^)a±(r, p). 

Let us compute 

e-^*^ (r, p)((l + af (r))(D, + p)^ - p^ + AA;(r))e**^ (r, p) 
= (1 + af (r))(V$^ + p)' + AA;(r) - p" - i{l + af (r))A$^. 
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We want to find $^ such that 



(1 + af (r))(V$^ + pf + \k{r) - 
is "small". In the case af = 0, and Uk> \, it is enough to set 



<^^{r,p) = -^J\k{s)ds. 



For general af and z/^ > 0, we need to apply the method of succesive approximations and to 
keep [z/^^] (the largest integer which does not exceed z/^^) iterations: 

Lemma 30. Let af(r),/i;(r) G C°°(M) satisfy the smooth long-range condition: 

\dla^{r)\ < Cirf^r' 
\dlk{r)\<C{r)-''-' (26) 

with I G N, and v = max{z/„i, u^} > 0. We assume that is not an integer. Let A d M\ {0}. 
Then for large enough R, there exists a C°°-function $^(r, p) defined on {r,p) G r^(i?, A) = 
{(r, p)||r| > i?, p G A, ±rp > 0} such that 

\dld'^<l>^{r,p)\<C{l + \r\Y~''~' (27) 
:= (1 + af )|V$± + pp + k{r) - p" 
|9taji?[$](r,p)| < C(l + |r|)-i-^-' 

where V = 9,. and e = //([z/^-*^] + 1) — 1 > 0. 

Proof. We only consider the case with A C M+, and abbreviate "+" . Other cases are 
similar to prove. 

We fix i? > large enough such that |af (r)| < ^ for |r| > _R. Set 

$(o)(r,p) := 0, 

^^Hr,p):--f'4^MMds^ 



2{l + a{{s)p) 

0(^+i)(r,p) := r (|V$(^))(.,p)P - |V$(^-^)(s,p)r) rf.. 

•^P JR 

with iV > 1. 

A simple computation gives 

= (1 + af)(|V$(2f - |V<l>(^)n, 

= (1 + af)(|V$(^+^f - |V$(^f ) + + 2(1 + ai)(V0(^+^),p). 

Hence by inducetion we have 

= (1 + af)(|V<l'(^+^f - iV-l-^^f ). 

We have uniformly for p G A, 

l<9taj$(^)| <C(l + |r|)^-'^-', 

|a'aj0(A^)| <C(l + |r|)i-^'^-', 

|a^aji?[<i>(^)]| < c(i + |r|)-(i+^)'^-'. 

It is now sufficient to set $ = ^^t'' □ 
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From now on, we assume that satisfy the conclusions of Lemma [30] with k replaced by 
Xk. We also assume that ri{r) = if |r| < i? and Xxip) = 1 iiear {p + Vr^^ir, p) : G 
supp?/^, \r\ > R}. Now we state the existence of modified wave operators: 

Lemma 31. The wave operators 

W^{Hl, Ho; J±), W^{Ho, Hl, ( J±)*) (28) 

and 

W^{Hl, Ho; J^), W^{Ho, Hl, ( J^)*) (29) 
exist. Operators fl28|) as well as fl29l) are adjoint each other. 

Proof. It is enough to consider the scattering theory for the triplets {Hl^x, Ho,x, J^)- 

Set b = {i~^{drai)p + (1 + af)p'^ + \k{r))xf{p)- a and h are in 5°. By Theorem 133 there 
exists d G S^"^ with = such that 

Hl,xJ^ = (A.(l + 4) A. + \k{r))xi{Dr)J{^i, a±) = h{x, Dr)J{<^^, a±) 
= J($±,rf) 

and admits the asymptotic expansion 

di{r,p) = {dlDip){0,Or,r,p) 

where 

p(s, r; r, p) = b{r, p + t + 5{r, r + s, p))a{r + s, p) 

and 

^(r,g,p)= /" (V,$^)((l-t)r + tg),p)rft 

In particular, di G 5"*'*"' = 5"' and 

do(r,p) = b{r, p + (yr^^){r, p))a{r, p), 
d^{r,p) = (9,6)(r,p+ (V,$^)(r,p))(D,a)(r,p) 

+ (5j6(^,p + (V.<l>^)(r,p)),^(9.A.<f^)(r,p)) a(r,p). 

fl271) implies that di G 5^^"*^ where = maxji^^, v^^}. Hence d — do E S~^~'^. 

Set c{r, p) = p^. Then by Theorem [391 and Theorem W2\ there exists e G 5'"'= with me = 
such that 

J^Ho,x = xtmJ{^t,a^){Dl) 
= ^($A,e) 

and admits the asymptotic expansion 

l>0 

ei{r,p) = {dlDiq)iO,0,;r,p) 
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where 

g(s, r; r, p) = a(r, p + r)c(r + s + 7(r, p + r, p), p + r) 

and 



7(r,p,(T) = 

In particular, ei G 5™""' = 5"' and 



/ (Vp$^)(r,(l-t)p + ta)c/t 

^0 



eo(r, p) = a(r, p)c(r + (Vp$^)(r, p), p), 
ei(r,p) = (9pa)(r,p)(Z},c)(r + (Vp$^)(r,p),p) 

+a(r, p) {{D,d,c){r + (V,$^)(r, p), p) + ((V.D,c)(r + (V,$^)(r, p), p), ^ V,a,<l>^(r, p))) . 

Since c{r,p) = p^, ei = 0. Hence e — Ci G 

Now we have = d — e) where (d — e) — (rfo — Cq) G 5^"'^^'^ and 

(rfo-eo)(r,p) = (^-i(9,af)(r)(p+ V,<l>^(r,p)) + i?[$±](r,p))a(r,p), 

where 

i?[$±](r,p) = (1 + af (r))|p+ |$±(r,p)|2 + AMr) - p^ 

As in Lemma [5Ul we chose $3^" so that i?[$^](r, p)a(r, p) G 5^^"*^ with some e > 0. Therefore 
= J{^'^,d — e) with c? — e G iS"^"*" and hence {r)^T^{r)~^ is bounded. The operator 
(r) 2^ is -ffo,A- and if^ ^-s^iooth on any positive bounded interval disjoint from eigenvalues of 
Hl x- So the smooth perturbation theory of Kato yields the Lemma. □ 

Now we show that these wave operators are isometric on suitable subspaces. 

Lemma 32. 



s-lim((J±)V± - ^l}{Ho))e-'^°' = (30) 



s-lim(J±)*J±e-*^o* = 0. (31) 

In particular, if A R+ and ip G C^(]R) such that ip = 1 on A, then the wave operators 
W^^Hl, Hq] J^) are isometric on the suhspace -E'h(,(A)'H/ and W^{Hl, Hq; J^) = . 

Proof. Up to a compact term, {Jx)*J\ is a PDO with symbol 

r,\r)^\p'){a^)\r,p). 

If t — =Foo, then the stationary point p = ^ of the integral 

^Q±^-^H,.,tu){r) = -^7f{rf [ e''-''~'pWp'){a^f{r,p)u{p)dp. 



does not belong to the support of the function . Therefore supposing u G C^(M) and 
integrating by parts, we estimate this integral by Cn{^ + \ f\ + |i|)~^ for an arbitrary A^. This 
proves fl3T|) . We apply the same argument to the PDO with sumbol ?7^(r)'0^(p^)((T^)^(r, p) — 
V^2(p2) to prove dSDl). □ 

From now on, fix A and ip as in Lemma 
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Lemma 33. The wave operators W^{Ho, Hl; (J^)*) are isometric on EH^{^)'Hf ■ 
Proof. By Lemma[32l W^{Ho,Hl; (J^)*) = W^{Hl,Ho; J^)* = 0. This imphes 

hm II J^*e~^-^^*n|| = 0, n G EnMUf. (32) 

s>±oo 

Moreover, (J^)* + (J^^)* -'ip'^{Ho^x) and iP'^{Hq^x)-iP'^{Hl,\) are compact, and ([32]) imphes 
that 

hm ||(J±)*e-^-*«|| = ||«||, ueEHMUf- 

t— ^±00 

This imphes the Lemma. □ 

Lemma 34. The wave operators W^{Hl, Lq + D^a^Dr-, J*) are isometric on PaciLo)^. 

Proof. Use the local Lq + D^of -Dr-smoothness of 1 — x- D 

Lemma 35. The wave operators W^{Lo + DrafDr, Hq; JJ^) are isometric on EAiHo)nf and 
W^{Lo + DrafDr, Ho; JJ^)nj = 

Proof. It is enough to show that 

s-lim [(JJ±)VJ^ - tlj{Ho)]e~'"'''P± = (33) 
s-lim(JJ±)VJ^e-^-^°*P^ = (34) 

t— >±oo 

where P± = are projections onto the subspaces "Hj . Again up to a compact term, 
{JJ^yjJ^P^ is a PDO with symbol 

This implies ( 134|) . Similarly, up to a compact term, {JJ^)*JJ^P± is a PDO with symbol 

[ix'irWir)ia^nr,p)-l]rip')lRM- 
We apply the same argument as in Lemma [32] to prove (133|1 . □ 
Combinig these results, we obtain the following theorem. 

Theorem 36. Suppose = = '^b2 = '^v > ^as = ^ o-nd ai can he separated into 
two parts as in (120|) - ( 122|) . Suppose k is smooth long-range in the sense of Definition \^ 
and let the operators be defined by (123|) . (l24l) . and (l25l) with satisfying the proper- 
ties listed in Lemma\3^ with k replaced by Xk. We also assume that = 1 on A d M+, 
?7(r) = if \r\ < R for large enough R as is taken in Lemma [221 Then the wave oper- 
ators W^i^L, Hq] JJ"^) and W^^Hq, L; {JJ"^)*) exist, are adjoint each other, are isometric on 
Ex{Hq)1-L^ and E\(L)Pac{L)7i, respectively, ^^{L, Hq; JJ^)l-iJ = 0, and the asymptotic com- 
pleteness 

W^{L,Ho; JJ^)EA{Ho)Hf = Ea{L)PUL)H 

holds. 



21 



A Pseudo-differential operators with oscillating symbols 

In this appendix, we describe a class of pseudo-differential operators with oscillating symbols. 

We recall the Hormander classes for m G M, p > 0, 5 < 1. We set S^^ = S^^i^'^ x R'^) 
consists of functions a G C°°(M°' x M*^) such that, for all multi-indices a, (3, there exist Ca,p such 
that 

i(9:9fa)(x,oi < + \x\r-\-\p+\f^i' 

for all e R'^ X R'^. The best /3 are the semi-norms of the symbol a. We denote 

_ ^m^_ gg^y ^ symbol a{x,C,) is compactly supported in the variable ^ if there is a 
compact set K d M'^ such that 

a(x,0 = 

for all X eR"^ a ^ ^ K. We denote the pseuodo-differential operator (PDO) with symbol a{x, ^) 
by a(x, D) 

{a{x,D)u){x) = -^ f e'^''^^a{x,Omd^ 

(27r) 2 jRd 

where u is the Fourier transform of u 



u{^) = / e-'^'''^^u{x)dx. 

[2-11)2 jRd 



The following is elementary. 



Lemma 37. Suppose that a G S"^ and a is compactly supported in the variable ^. Then 
a(x,-D)(x)~™ is bounded in the space L'^iR'^) and a{x, D){x)~"^ is compact if m' > m. 

Now we define a class of symbols with oscillating factor. Let e > 0,m G M, $ G iS^"*^, and 
a G iS"*. We denote classes of symbols of the form 

by We denote the PDO with symbol e**a by J{^,a) 

J($,a) = (e**a)(x,D). 

Clearly C"^($) C S^i_^ so that C™($) are good classes if e > |. On the other hand, the 
standard calculus fails for operators from these classes if e < ^. However as is shown in [2U] . 
J($, Oi) J($, 02)* and J($, ai)* J($, 02) become usual PDO and admit asymptotic expansions. 

Theorem 38. Suppose that $ G 5^"'^ with e > 0, and aj G iS™"^ /o?" J = 1; 2 and some numbers 
rrij. Suppose that aj are compactly supported in the variable ^. Then the following holds. 

(i). G = ai) J($, 02)* «s a PDO with symbol g G S"^ for m = mi + m2 and g{x, C.) admits 
the asymptotic expansion 



9 = y2 ~t5'"' 

\a\>0 

in particular, g^, G 5™""'°'^. 
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(ii). H = J($, 02)* ai) is a PDO with symbol h G 5™ for m = mi + m2 and h{x,C,) admits 
the asymptotic expansion 



|a|>0 

in particular, ha G 5™"'°'^. 
(Hi). J($,ai) bounded in the space L'^(W^) if mi = and it is compact if rrii < 0. 
(iv). Suppose mi = m2 = 0. Denote by A the PDO with symbol 

a{x,^) = ai(x, ^)a2(x,^) G 5°. 

T/ien J($, fli) J($, 02)* a^c? J(<l>, 02)* ai) - A are compact in L'^(W'-). 



For the proof of Theorem [3S1 we refer Yafaev 

Next we consider the product of a PDO with oscillating symbol and a usual pseudo- 
differential operator. The situation is different whether the pseudo-differential operator is on 
the left and on the right. 

Theorem 39. Suppose that $ G iS^"*^, a G iS"*", and b G S"^'' for e > and some rua, rrib G M. 
Suppose a and b are compactly supported in the variable ^. Then there exists a symbol d G iS™'' 
for rud = rria + rrih such that d is compactly supported in the variable ^, 

b{x,D)J{^,a) = J($,c/), 

and admits the asymptotic expansion 

\a\>0 

da{x,r]) = {d^D:p){0,0,;x,r]) 



where 



and 



p{z, (; X, rf) = b{x, r] + ( + r(x, x + z, ri))a{x + z, rf) 



"1 

r{x,y,r])= I (V^$)((l - r)x + ry), ?7)c/r. 



In particular, d^ G 5"*'' and 



do{x,r]) = b{a,7] + (Vx.$)(x, ?7))a(x, 77), 
da ix,v) = (d^b) (a, r/ + ( V.$) (x, r]) ) (Dy) (x, v) 

+ {Vr,d^bia, V + (V..<l>)(x, v)), ^(V.Z^:$) (x, r/))a(x, r/) 
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Proof. We compute 

{b{x,D)J{<!?,a)u){x) 

where 

d{x,ri) = {271^" j e*<""^'«~''>+*(*(2''^)-*("'''))6(x,Oa(y,r/)«- 

We set 

rix,y,r])= (V:,$)((l - r)x + ry, ?7)rfr. 

Then 

r/) - rj) = {y - x, r{x, y, 7])). 
By changing variables, we compute 
d{x,ri) 

= (27r)-" j e'^^-y'^-%{x, i + r{x, y, v))a{y, r^)dydi 

= (27r)""- j e"*^^'^^&(x, ri + C + r{x, x + z, r]))a{x + z, r])dyd^. 

Set 

p{z, X, rj) = b{x, r] + ( + r(x, x + z, ri))a{x + z,r]). 
Then by Taylor's expansion formula, we obtain the folowing: 

d{x,v) = Yl -^{d^D^p){0,0;x,v)+P^''\x,v) 



0<\a\<N-l 



where 

P 



^^\x,r]) = (27r)""iV J2 {l-t)^~^ j j {d^p){tz,C;x.7])z''e-'^''^^dzdCdt. 



\a\=N 

Set 



i?(-)(x,r/;t) = J Jid:D^p){tzX;x.v)e-'^^'^^dzdC. 

Now it is enough to show that i?^"-* G S'™''"'"' and the seminorms are bounded uniformly with 
respect to the variable t. This obeys from the following two elementary lemmas. 
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Lemma 40. Fix C > 0. If \z\ > C\x\, then for any n, 

I j {d^D^p){tz,C;x.r])e-'^'^'^^dC\ < C{z)-^. 
Lemma 41. There exists C > such that 




\z\<C\x\ 

By integrating by parts, we can show these lemmas. □ 

Theorem 42. Suppose that $ G S^^'^, a G 5™"", and c G S"^" for e > and some ma, G M. 
Suppose a is compactly supported in the variable ^. Then there exists a symbol e G S"^" for 
me = ma + mc such that 

J($,a)c(x,D)* = J($,e), 
and admits the asymptotic expansion 

_ v-1 

|a|>0 

e„(x,r/) = (9^"D:g)(0,0,;x,r/) 

where 

liz, C; a;, ??) = a{x, r] + C)c(x + z + s(x, ?? + C, + C) 

s(x,C,r/)= / (V5$)(x,(l-r)r/ + rOrfr. 

/n particular, Cq, G 5"^="'"' and 

eo(x, 7]) = a{x, r])c{x + (V^$)(x, r/), 77), 
e«(x,r/) = (9;;a)(x,r/)(D:c)(x+(V,$)(x,r/),r/) 

+a{x, 7]) {{D:dr,c{x + (V,<l')(x, 7]),r]) + ((V,.Z^^c)(x + (V,<l')(x, r/), r/), ^V^d^^x, r/))) 
|a| = 1. 

Proof is similar to Theorem 
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